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ABSTRACT 
This paper presents an improved method for simulating melting of ice. The melting process is implemented as  
a result of the heat transfer between ice objects and fluids (water and air). Both the solids and the fluids, includ-
ing air, are modeled as a set of particles with specified temperatures, which can vary locally during simulation. 
The proposed new particle-based air model allows one to consider in simulation the influence of the natural air 
convection on the ice melting process. Moreover, the model makes it possible to melt the ice object in a control-
lable way by means of external heat sources. The motion of air and water, originally described by the Navier-
Stokes equations for incompressible fluids, is computed using the Smoothed Particle Hydrodynamics (SPH) 
algorithm, which we modify to properly handle our particle-based air and its interactions with ice and water. 
Thanks to a GPU-based implementation, the proposed method allows us to run the simulation of ice melting at 
interactive speed on an average PC. 
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1. INTRODUCTION 
Simulations of natural phenomena are widely used 
both in science (physical simulation) and entertain-
ment industry (special effects in movies and comput-
er games). Therefore there is a need for simulation 
techniques resulting in physically correct and, at the 
same time, visually attractive outcomes. How to 
combine the two aspects within efficient and robust 
simulation is still an active research area in computer 
graphics. It seems that over the last few years, ice 
melting is one of the natural phenomena that caught 
the special attention of computer graphics communi-
ty. 
 In this paper we focus on simulation of ice melting 
regarded as a result of the interactions between ice, 
melted water, and air. Although a number of efficient 
methods for simulation of melting ice have been 
proposed, the majority of them neglect the influence 
of the natural air convection [PPLT06] or significant-
ly simplify it using heuristic functions [IUDN10]. On 
the other hand, the more accurate approaches that 
consider ice-air interactions in the melting process 
use computationally expensive techniques [FM07] 
and hence they are far from “interactive-time” meth-
ods. 
In general, the widespread methods of ice melting 
simulation can be divided into two categories: the 
grid-based approaches and the particle-based ap-
proaches. The methods in the first category represent 
a modeled physical system as a 3D uniform grid of 
voxel cells. The cells remain static during simulation 
and store local physical quantities of the system, and 
calculations are done between neighboring cells 
[FM07]. The main issue with this approach is that it 
is difficult to handle details that are essential not only 
for the final visual appearance but also play im-
portant role in the melting process itself (e.g. droplets 
of melting water on the ice surface).  
The methods from the second category rely on dis-
cretization of objects into particles. From computa-
tional point of view, particles are utilized in a similar 
way as cells. However, in opposite to cells, particles 
can move freely. As a consequence, usually with 
lesser storage and computational requirements, tiny 
aspects of phenomenon, such as the mentioned water 
droplets, can be involved in simulation [IUDN10]. 
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2. OUR CONTRIBUTION 
Our main goal was to develop a method for ice melt-
ing simulation which would consider the effects of 
the natural air convection in ice-air interactions and, 
at the same time, could be run at interactive speed. 
As a result of our work we propose in this paper  
a new method for ice melting simulation, in which 
ice (and possibly other solids, e.g. glass) as well as 
fluids (air and water) involved in the heat transfer, 
are represented by sets of particles. Such a represen-
tation seems to be a natural extension of the previous 
particle-based ice melting approaches and allows one 
to consider the fine-grained effects of the natural air 
convection in simulation. The movement of air parti-
cles caused by local changes in temperature and their 
interactions with particles representing other objects 
are computed with the aid of a variant of the 
Smoothed Particle Hydrodynamics (SPH) algorithm. 
As a consequence, our method combines advantages 
of the voxel-based and particle-based approaches in 
that it accurately computes air-ice interactions and, at 
the same time, considers fine-grained details such as 
droplets of melting water. Moreover, the proposed 
approach allows us to augment the ice melting simu-
lation by the possibility of influencing the tempera-
ture and, thus, movement of air particles with the aid 
of external heat sources. We propose a new external 
heat source model, which acts similarly to hair dryer 
and allows one to melt ice object in a controllable 
way. 
3. RELATED WORK 
One of the early attempts to simulate ice melting was 
a method by Fujishiro and Aoki [FA01] in which 
morphology operations and form factors were uti-
lized. The computation related to heat transfer and 
melting was based on voxels and didn’t take into 
account generation of water due to the phase transi-
tion. To deal with this challenge, Carlson et al. 
[CMIT02] treated solids as high viscosity fluids and 
based their simulation on solving the Navier-Stokes 
equations. The phase transition was realized by influ-
encing on the fluids viscosity with respect to temper-
ature changes. Nevertheless, due to the low viscosity 
of water, the method cannot be used to simulate the 
flows of melted water. In turn, Matsumura et al. 
[MT05] used one of the grid-based techniques (MAC 
method) and simulated the melting of ice including 
the natural convection of surrounding air. However, 
due to the rough and static representation of objects 
with the grid of voxels, the simulation did not handle 
the fine-grained effects of the ice melting process 
(such as droplets of melting water). A different mod-
el of air founded on a voxel grid and utilizing a tech-
nique analogous to photon mapping for calculating 
thermal radiation was presented by Fujisawa et al. 
[FM07]. While the results of the method are quite 
satisfying, its computational cost is high and in-
teractive simulations are impossible. In the context of 
the method presented in this paper, the most relevant 
method was presented by Iwasaki et al. [IUDN10]. 
The solution is based on particles and takes into ac-
count many aspects of the phenomenon, in particular 
visualization of tiny elements, such as water droplets. 
However, the influence of the air surrounding the ice 
object was simplified by applying a constant ambient 
temperature. The heat energy transferred to the ice 
surface was brought to a heuristic function which 
depends on an area exposed to air influence. 
To our knowledge, there is no research on represent-
ing air with particles for the purpose of the ice-
melting simulation. On the other hand, Müller et al. 
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Figure 1. Flowchart of ice melting simulator 
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[MSKG05] showed how to handle multiple fluids 
with different rest densities. One of the exemplary 
results of their method were air bubbles rising in the 
water. However, as shown in [SP08], miscible fluids 
with a density ratio larger than 10 cannot be realisti-
cally simulated with the standard SPH algorithm. 
Therefore they proposed a different density model, in 
which all neighbor particles are treated as if they 
belong to the same fluid. Although densities in the 
interface are computed correctly, but the structure 
created by particles cannot be broken to small vol-
umes to simulate, for instance, water droplets. Re-
cently some research on multifluid dynamics systems 
with an interesting method of density calculation has 
been presented in [OCD13]. 
4. OVERVIEW OF THE PROPOSED 
METHOD 
An overview of our simulation method is presented 
in Fig. 1. There are distinguished operations that are 
repeated for every time step. From the standpoint of 
the simulation execution time, the most important 
part is the initialization of an acceleration structure. 
A commonly used uniform grid [G10] was chosen, 
due to preferable local region of interest. Subsequent-
ly, all computations are performed on particles on the 
basis of the data “carried” by neighboring particles of 
a given particle. Then, the heat transfer between 
particles is calculated. Depending on their tempera-
tures, this may lead to the phase transition of some 
ice particles into water particles. Next, the movement 
of particles is computed, considering the motion of 
melted water and surrounding air, as well as the ice 
object collisions and its stability under gravitation. 
The final stage is visualization. The particles are 
treated as metaballs and surfaces of visible objects 
are reconstructed with the use of the marching cubes 
algorithm [LC87], and a realistic image of the current 
scene are obtained with ray tracing.  
Attribute Description 
M mass 
    position 
  velocity  
   rest density 
  current density 
  viscosity coefficient 
T temperature 
K gas constant (stiffness) 
Table 1. Particle attributes 
5. PARTICLE-BASED ICE MELTING 
SIMULATION 
In our method of ice melting simulation each physi-
cal object is modeled using a set of moveable parti-
cles. Each particle stores a collection of attributes 
(Table 1). Their values specify physical quantities of 
the volume represented by the particle and are updat-
ed at every simulation step. 
5.1. Heat transfer 
The heat is transferred between particles of all media: 
ice and its surroundings. The increase in temperature 
can be calculated using the equation [MSKG05]: 
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  (1) 
where   is the thermal diffusion constant, t is the 
time,    is the set of particles whose distances are 
smaller than    from particle i, W is a smoothing 
kernel, and     is the distance vector      . 
Other forms of heat transfer are described in Sec. 6 
and 7. 
5.2. Water simulation 
In order to simulate water, we used technique called 
Smoothed Particle Hydrodynamics (SPH) [MCG03], 
which solves the Navier-Stokes equations for incom-
pressible fluids. The SPH is based on the assumption 
that we can distinct certain forces acting on water 
particles, namely the pressure force fpress, the viscosi-
ty force fvis, and external forces. 
The pressure force is trying to keep the fluid in the 
incompressible state and is described by the equation: 
            ∑
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where    is the current pressure for particle i, and is 
calculated as: 
               (3) 
The viscosity force is used as an internal friction 
between particles. It is computed using the equation: 
         
 
  
∑       
          
    
  (4) 
where     is the velocity difference. 
The external forces include all other forces acting on 
fluid, such as gravity, buoyancy, and the interfacial 
tension which was used in [IUDN10] to create water 
droplets. 
All the mentioned forces result in particle accelera-
tion that is integrated using the Leap-Frog scheme. 
The SPH algorithm is also used to simulate the mo-
tion of the air particles, but in a slightly different 
manner (Sec. 6). 
5.3. Ice simulation as rigid body 
An ice object is represented by a set of particles, and 
its movement depends on forces acting on those 
particles. These include the forces generated by water 
particles and the forces resulting from objects colli-
sions (the repulsive, the frictional, and the damping 
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force). To compute the force interaction between ice 
and water (e.g., to simulate ice floating on water) we 
treat an ice particle as if it were a water particle. The 
total force acting on the ice object is the sum of forc-
es coming from all its particles [TSK07]. 
6. SPH AIR MODEL 
In this section we present a new air model based on 
the SPH technique. Our model takes advantage of the 
results from [MSKG05] on simulating air bubbles 
and handling multiphase environment in SPH. 
6.1. Air simulation 
The air surrounding an ice object is built from parti-
cles and like in the case of water, the SPH algorithm 
is used to simulate their motion. One should note, 
however, that we cannot use the basic form of SPH 
for this purpose. The main problem is that SPH has to 
handle particles representing physical objects with 
very different densities and viscosities1. In order to 
keep the simulation stable and produce realistic re-
sults, some changes must be made in the standard 
version of the algorithm. 
First of all, in the spirit of [MSKG05], we need to 
average viscosity coefficients in the viscosity forces. 
This results in the new formulation of Eq. 4: 
           ∑
     
 
   
  
   
          
    
  (5) 
This way the viscosity force will act differently in the 
interface area and, at the same time, remain un-
changed for particles of the same sort. 
Furthermore, as it was proved in [SP08], SPH tech-
nique does not operate well in the case when the 
density ratio of different fluids is larger than 10. 
Unfortunately, we cannot take advantage of the solu-
tion proposed in that paper, as we would like to take 
into account water droplets phenomenon. As a result, 
we just set the density of the air particles to 10 times 
smaller than the water density. 
 
                                                          
1 One should note that ice as a solid has no viscosity in  
a physical sense. Nevertheless, for the purpose of the 
SPH simulation of ice-water interactions, the ice particles 
are usually assigned the viscosity coefficient of water 
(see e.g. [TSK07]).  
Additionally, we have to resolve the problem of spu-
rious tension. As shown in Fig. 2, it is present in the 
interface between the fluids and its variation between 
ice and air, where a thin layer B of air particles is 
attracted to the ice surface A. The reason for this is 
the pressure force in the SPH algorithm. The air 
particles move from high to low dense areas on the 
basis of their current density value. When an air 
particle with a low rest density interacts with an ice 
particle whose mass is relatively very high, the air 
particle density exceeds its rest density very quickly. 
Nevertheless, in such a situation the ice particle and 
its relation between the current density and the rest 
density are involved in computation of the pressure 
force (Eq. 2). The ice particles are in a constant rela-
tion to the other particles that belong to the same ice 
object, and the particles on the boundary do not have 
enough amount of ice particle neighbors for their 
densities to reach the rest density of ice. As a result, 
some air particles are drawn into the ice surface to 
increase the density of ice particles. On the other 
hand, the remaining air particles cannot approach to 
the air particles on the ice surface due to their high 
calculated densities caused by the ice particles locat-
ed nearby. 
The mentioned situation is especially important, 
because such a free space E prevents the air particles 
B and C from exchanging their temperatures (Fig. 2), 
due to the shorter smoothing radius    of the kernel 
in Eq. 1 than the smoothing radius    in Eq. 2. 
At first glance, a simple solution to this problem is to 
shrink the smoothing radius    (Fig. 2) of the pres-
sure force equation (Eq. 2). However, according to 
[K06], such a short radius would not be usable with 
fluid simulation. Taking everything into considera-
tion, we propose a different solution in which the 
pressures of particles located on the interface be-
tween different mediums are computed as: 
                     (6) 
rather than using the original equation (Eq. 3). Such  
a modification prevents the air particles from attract-
ing to the ice surface by introducing a slight disturb-
ance on the interface (Fig. 3). As a consequence,  
a relatively small time step is required to keep the 
simulation stable. 
 
Figure 3. Disturbance on interface between air 
and other mediums 
Figure 2. Thin layer of air particles is attracted 
to ice surface 
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6.2. Heat transfer 
 Thanks to the particle structure of our air model, the 
air surrounding an ice object can be quite naturally 
incorporated into the heat transfer process described 
by the equation (1) (see Fig. 4). In addition, the mod-
el provides, without any additional cost, local chang-
es in air temperature.  
6.3. Natural air convection 
As it was stated at the beginning, our goal is to 
achieve the simulation of ice as much realistic as it 
can be. According to laws of physics, volumes of 
fluid of different temperature move relative to each 
other due to the differences in their densities – the 
phenomenon called convection takes place. The pro-
posed particle-based air model is well suited to en-
rich the simulation of ice melting with the influence 
of air convection, however, we must slightly alter the 
SPH algorithm. 
First of all, we need to influence on rest densities of 
air depending on particles temperatures (similarly to 
[MSKG05]). We want the hot parts of air to transfer 
to the top areas and cold downwards. To achieve this, 
we propose the following equation: 
           
  
       
 (7) 
where         the current rest density of an individ-
ual air particle,    is the rest density of air particle in 
0 degrees Celsius,   is a parameter to steer the rate of 
change in the air rest density (experimentally set to 
0.005). 
Unfortunately, due to the relatively low gas constant 
of air together with its increased viscosity we chose 
in Sec. 6.1, the result of the application of the equa-
tion (7) is not as satisfactory as it was expected to be. 
Therefore to enhance the simulation of the phenome-
non in question, we propose an additional, artificial 
force, which we include to the set of external forces 
of SPH technique. The force is calculated with the 
use of the equation: 
       
 
       
     (8) 
where   is an experimentally defined constant to 
steer the effect of the force,      is the maximum 
positive temperature allowed in simulation,    is the 
current temperature of particle i, and     is the unit 
upward vector. 
7. EXTERNAL HEAT SOURCES 
Yet another benefit of the particle-based model of air 
is that it allows us quite easily to affect ice melting 
with external heat sources.  
In our simulation, an external heat source is modeled 
to act like hair dryer. It is built with a directional 
emitter, which effects on air particles in a specified 
area, so that both the particles’ temperatures and their 
velocities are increased (Fig. 5). A stream of warm 
air is created, and a portion of its thermal energy is 
passed to the ice surface, locally altering its tempera-
ture. 
We noticed that the shape of the air stream partially 
depends on the viscosity coefficient of air particles. 
The more “viscous” air is, the more the stream is 
concentrated, thereby resulting in lesser energy loss-
es. 
 
Figure 5. Motion of air particles due to external 
heat source 
During experiments with our external heat sources, 
we successfully managed to influence on the ice 
surface in a number of ways: from a precise, shallow 
melting of a specified symbol, to dividing the ice 
object into two pieces. 
 
Figure 6. Dissipation of energy on the borders of 
simulation area 
However, due to the finite area of simulation, the 
continuous application of an external heat source 
may easily alter the temperature of the entire volume 
of air. To prevent this we dissipate the excess energy 
through walls of the “simulation tank”: For every 
particle located near the simulation boarders, we 
exchange the temperature of the particle with some 
ambient temperature. This way, we can provide an 
impression of unlimited area of air (Fig. 6). 
Figure 4. Heat transfer between particles of  
different mediums 
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8. RESULTS 
The proposed method of ice melting simulation re-
quires a significant number of particles for describing 
all mediums. Hence, the relevant computations could 
take large amount of time if executed sequentially on 
CPU. However, the majority of the required opera-
tions are performed on each particle using the same 
set of instructions. Moreover, once input data is de-
livered to simulator, there is no need to supply any 
more information. Therefore, in our implementation 
we can benefit from computational power of modern 
Graphics Processing Units (GPUs). For this goal, we 
use the OpenCL framework, which is still relatively 
new and under constant improvement. 
All simulations discussed in this section where per-
formed using a medium class mobile personal com-
puter equipped with Radeon 6770M graphics card. 
Nevertheless, it allowed us to run the simulation at 
average speed of 10 FPS with 260k particles (this 
includes all the types of particles) on each scene. 
In order to test the behavior of our air model, the 
simulations with the Utah teapot and the more com-
plex model of the Stanford Asian Dragon’s head 
were performed. In our opinion the results are more 
than satisfying. As it can be observed in Fig. 7 and 
Fig. 8, the ice sculptures are partially melted, mostly 
in areas with the highest exposure to the surrounding 
hot air, such as edges and thin elements like teapot 
ear, dragon horns and teeth. 
  
Figure 7. Melting ice teapot due to hot  
surrounding air 
  
Figure 8. Melting Stanford Asian Dragon’s head 
due to hot surrounding air 
Furthermore, it should be noticed, that the amount of 
energy transferred between air particles themselves 
as well as air particles and ice particles, firmly de-
pends on distances between particles. This is a result 
of the presence of the smoothing kernel in the heat 
transfer equation (1). Thus, by modifying the air 
viscosity coefficient one can influence the speed of 
the melting process. 
  
Figure 9. Different viscosity coefficients of air  
particles: on the left hand side viscosity is five 
times larger than on the right hand side 
One can observe in Fig. 9 that for five times larger 
viscosity coefficient, the original ice teapot shape is 
better preserved after the same simulation time. It is a 
consequence of the lower movement speed of parti-
cles due to their higher viscosity, which prevents 
them from approaching each other and exchanging 
energy.  
 
(a) 
 
(b) 
 
(c) 
(d) 
 
(e) 
With regards to the natural air convection, the result 
of our efforts are presented in Fig. 10. The image (a) 
shows the original object before melting, and the left 
column and the right column show the results of 
Figure 10. Melting of ice dragon due to hot air 
without (left column) and with (right column)  
the natural air convection 
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simulation without and, respectively, with consider-
ing the natural air convection. 
The difference between these two outcomes is subtle. 
Nevertheless, couple of differences should be pointed 
out. First, studying the particle views (Fig. 10 d, e), 
which informs of the particles’ temperatures (with 
blue below 0 and red over 30 degrees), we can ob-
serve the behavior of particles with lower tempera-
tures. In the simulation without convection (Fig. 10 
d) those particles surround almost the entire ice 
sculpture. However, when the natural air convection 
is considered in simulation (Fig. 10 e) the “colder” 
particles move downwards and locate in the lower 
parts of the object. Secondly, there are differences in 
melting between the upper and lower parts of the 
object. It can be noticed that in the first case (Fig. 10 
b) ice melts rather uniformly. Comparing to the sec-
ond situation (Fig. 10 c), the upper part (where air 
was hot in both examples) seems to be in the same 
stadium of melting. However, the lower part with the 
natural air convection keeps more of its volume in-
tact. 
  
  
Figure 11. Melting of ice dinosaur partially sub-
merged in water (water and air have the same  
temperature) 
What is more, although the air particles have their 
density barely 10 times lower than the density of 
water and there is unnatural movement on the inter-
face (due to the changes we made in the pressure 
equation), we observed that the heat transfer ratio 
between those two mediums and ice is very realistic. 
To confirm that, we conducted an experiment in 
which an ice dinosaur were partially submerged into 
a tank filled with water (Fig. 11). The temperature of 
both air and water was set to the same value. As  
a result, the submerged part of the object melted 
significantly faster than the other exposed to sur-
rounding air. Such a phenomenon is consistent with 
the laws of physics. 
As it was stated in Sec. 7, we also successfully man-
aged to precisely alter the ice surface through melting 
process. The goal of the experiment was melting 
specified symbol in a block of ice with the use of  
a number of external heat sources – the results are 
depicted in Fig. 12.  
 
  
  
Figure 12. Melting symbol in block of ice with the 
use of external heat sources 
Another test included the external heat source affect-
ing on a number of ice objects. The purpose was to 
examine how the warm stream of air, created by the 
heat source, would behave after collision with  
a streamline object. Hence, we decided to model 
several different in shape icicles arranged in a line 
and direct the heat source to one of them. 
  
  
Figure 13. Melting icicles with an external heat 
source 
One can observe in Fig. 13 that the heat source is 
affecting consecutive icicles respectively, melting 
one after another. The main volume of the warm 
stream of air, after collision with an icicle, is being 
spread sideways. It is also worth noticing that water 
droplets resulting from the melting process are blown 
away due to the motion of air. 
9. CONCLUSIONS 
In this paper we have proposed a simulation of ice 
melting based on particle representation and per-
formed with the use of the SPH technique. The pre-
sented approach combines in a single method the 
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capabilities of the previous approaches. Namely, it 
allows one to consider in ice melting simulation such 
phenomena like water, rigid body movement, heat 
transfer, and creation of water droplets. Moreover, 
we enhanced the simulation with a new particle-
based air model which allows for considering local 
changes in air temperature, simulating the natural air 
convection, and controlled ice melting with the use of 
external heat sources. We have also shown on the 
example of the proposed air model how to handle 
multiphase environment. The effectiveness of our 
approach and the physical correctness of its outcomes 
was confirmed with a number of test examples. As  
a consequence, it seems that the presented method 
can be useful for both animation and physical simula-
tion purposes. Furthermore, thanks to the GPU-based 
implementation the simulation can be run at interac-
tive speed even on a medium class mobile personal 
computer. 
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